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In this note, we want to highlight and correct an error in [3, Prop.2.4] which has consequences on
the proof of [3, Thm.6.1]. Referring to [3] for the notation, the correct statement in [3, Prop.2.4]
is that u ∈ L2(0, T ; [H1(Ω)]d) and not u ∈ L2(0, T ;Vdiv) as incorrectly written. Therefore we have
v(t) = u(t) − uν(t) ∈ [H1(Ω)]d for almost any t ∈ (0, T ) and the boundary trace of v(t) is not
necessarily zero. Estimates as the one in [3, Thm.6.1] are in general difficult to obtain due to the
presence of a boundary layer. A common approach to obtain such estimates is to introduce a corrector
so that the difference between the solution and the corrector has zero trace (see, e.g., [5]). Here we
devise a simpler way to obtain an estimate quite similar to the one reported in [3, Thm.6.1] without
introducing a corrector. However, the order of convergence with respect to ν is no longer 12 . More
precisely, the corrected result reads as follows
Theorem 0.1. Let (H0), (H2)-(H4), (H8) hold. Suppose ν ∈ (0, 1], η > 0 constant, h = 0, and J
either be admissible or J ∈W 2,1(Rd). Take ϕν0 , ϕ0 ∈ L∞(Ω) and
R := sup
ν>0
{‖ϕν0‖L∞ , ‖ϕ0‖L∞} <∞.
Let (ϕν ,uν) be the unique weak solution to [3, (1.2)-(1.3)] with initial datum ϕ
ν
0 , and (ϕ,u) be the
unique solution to [3, (1.4)-(1.5)] with initial datum ϕ0. Then, for any given T > 0, there exists
C = C(R,T, η) > 0 such that, for every δ ∈ (0, 12),
‖ϕν(t)− ϕ(t)‖2# +
∫ t
0
‖uν(y)− u(y)‖2 dy ≤
(‖ϕν0 − ϕ0‖2# + |ϕν0 − ϕ0|)eC + Cν 14− δ2 ,
for each t ∈ [0, T ]. In particular, if ϕν0 = ϕ0, then ϕν → ϕ in L∞(0, T ;V ′) and uν → u in L2(0, T ;Gdiv)
as ν → 0.
Proof. We first notice that the Brinkman equation can be rewritten as follows (see e.g., [3, eq.(3.40)])
νAuν = −ηuν +P (ϕν∇µν) , a.e. in Ω× (0, T ), (0.1)
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where A is the Stokes operator and P is the Leray projector. Note that the right-hand side belongs
to Gdiv for almost any t ∈ (0, T ). Thus by standard theory (cf. [2, Chap.IV, Sec.5]), we know that
uν ∈ [H2(Ω)]d. Consequently, we can write
− ν(∆uν ,w) + η(uν ,w) = (ϕν∇µν ,w), ∀w ∈ Gdiv , a.e. t ∈ (0, T ). (0.2)
Recalling now [3, eq.(3.40)], we have
(P(ϕν∇µν),w) = ((∇J ∗ ϕν)ϕν ,w)− 1
2
(ϕ2ν∇a,w). (0.3)
Therefore, testing (0.1) with νAuν and using Cauchy-Schwartz and Young inequalities, on account of
(0.3), we get
1
2
ν2(Auν ,Auν) + ην‖∇uν‖2 ≤ c‖ϕν‖2L4 ≤ CR, a.e. t ∈ (0, T ), (0.4)
from which we deduce, thanks to [2, Proposition IV.5.9], that
ν‖uν‖[H2]d +
√
ν‖uν‖[H1]d ≤ CR,η, a.e. t ∈ (0, T ). (0.5)
Here we have also used [3, Proposition 2.1] for the last inequality in (0.4).
Let us now set ψ = ϕν − ϕ, µ˜ = µν − µ and v = uν − u. After subtracting the Darcy equation [3,
(2.9)] from (0.2), and testing the resulting identity with v we get
−ν(∆uν ,v) + ‖√ηv‖2 = K,
where
K := (µ˜∇ϕν + µ∇ψ,v) = (∇J ∗ ϕν , ψv) + (∇J ∗ ψ,ϕv)− 1
2
((ϕν + ϕ)ψ∇a,v).
Integrating by part the viscous term and adding −ν(∇u,∇v) to both sides of the resulting identity
gives
ν‖∇v‖2 + ‖√ηv‖2 = K − ν(∇u,∇v) + ν
∫
∂Ω
v
T∇uν · n. (0.6)
Observe that
ν
∫
∂Ω
v
T∇uν · n = −ν
∫
∂Ω
(uT∇uν · n) ≤ ‖u‖[L2(∂Ω)]d‖ν∇uν‖[L2(∂Ω)]d . (0.7)
On account of the smoothness of the domain Ω, we can use [4, Prop. 3.8] and deduce
ν‖∇uν‖[L2(∂Ω)]d ≤ ν‖∇uν‖[Hδ(∂Ω)]d ≤ cν‖∇uν‖[H 12+δ]d ,
with δ > 0 arbitrary. Then interpolation yields
ν‖∇uν‖
[H
1
2
+δ]d
≤ c(ν‖uν‖[H2]d)
1
2
+δ(ν‖uν‖[H1]2)
1
2
−δ,
for δ ∈ (0, 12 ). Therefore, exploiting (0.5) twice and using a standard trace theorem, from (0.7) we
deduce
ν
∫
∂Ω
v
T∇uν · n ≤ C‖u‖[H1]d(ν‖uν‖Vdiv)
1
2
−δ ≤ Cν 14− δ2‖u‖[H1]d .
Thus, using also
−ν(∇u,∇v) ≤ ν‖∇u‖2 + ν‖∇v‖2,
2
we have that (0.6) becomes
η‖v‖2 ≤ K+ (ν + Cν 14− δ2 )‖u‖2[H1]d . (0.8)
On the other hand, arguing as in [3, eq. (5.16)], we find
K ≤ max (‖∇a‖L∞ , ‖∇J‖L1)‖v‖
(‖ϕν‖L∞ + ‖ϕ‖L∞)‖ψ‖ ≤ C‖v‖‖ψ‖.
Hence, we infer from (0.8) that (ν ≤ 1)
η‖v‖2 ≤ C‖v‖‖ψ‖ +Cν 14− δ2‖u‖2[H1]d
and this implies
‖v‖ ≤ C(‖ψ‖ + ν 18− δ4 ‖u‖[H1]d). (0.9)
We can now proceed as in the original proof of [3, Thm 6.1]. More precisely, we have (cf. [3, Proof of
Prop.2.2])
1
2
d
dt
‖ψ − ψ¯‖2−1 + (µ˜, ψ − ψ¯) = I1 + I2,
where
I1 = (vϕν ,∇(−∆)−1(ψ − ψ¯)), I2 = (uψ,∇(−∆)−1(ψ − ψ¯)).
Recalling [3, Proof of Prop. 2.2] we deduce
1
2
d
dt
‖ψ − ψ¯‖2−1 +
c0
4
‖ψ‖2 ≤ N‖v‖‖ψ − ψ¯‖# +N‖ψ − ψ¯‖2# + cψ¯2 +N |ψ¯|.
Thus, taking (0.9) into account, we end up with
1
2
d
dt
‖ψ − ψ¯‖2# +
c0
8
‖ψ‖2 ≤ N‖ψ − ψ¯‖2# +N |ψ¯|+Nν
1
4
− δ
2 ‖u‖2[H1]d . (0.10)
An application of the Gronwall Lemma on [0, T ], on account of [3, Prop. 2.4], provides
‖ϕν(t)− ϕ(t)‖2# ≤
(‖ϕν0 − ϕ0‖2# + |ϕν0 − ϕ0|)eCT + CT ν 14− δ2 .
Finally, an integration of (0.10) with respect to time combined with (0.9) complete the proof.
Remark 0.1. It is worth pointing out that when the domain Ω is a torus, then the estimate holds as
reported in the original [3, Thm 2.6]. Moreover, we observe that the same kind of mistake was made
in the proof of [1, Thm.2.7]. Also in that case, the statement has to be modified according to (0.9).
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